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Abstract 

We interpolate crystalline periods for finite slope families of p-adic representations introduced 
by Skinner and Urban |10j . 
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Introduction and notations 

In their ICM talk [10J, Skinner and Urban connect the order of vanishing of the L-functions of certain 
polarized regular motives with the rank of the associated Bloch-Kato Selmer groups. As a key 
ingredient of their approach, they introduce a special kind of eigenfamilies of p-adic representations, 
the finite slope families. In this paper, we will prove the existence of certain crystalline periods for 
finite slope families of p-adic representations; this provides a necessary input to Skinner-Urban's 
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program. This also generalizes a famous result of Kisin on the existence of crystalline periods for 
p-adic Galois representations associated to overconvergent p-adic modular forms. 

We now give more details about our result. We fix a finite extension K of Q p . Let Kq be the 
maximal unramified subextension of K, and let / = [Kq : Q p ]. 

Definition 0.1. Let X be a reduced and separated rigid analytic space over K. A finite slope 
family of p-adic representations of dimension d over X is a locally free coherent Ox- m odule Vx of 
rank d equipped with a continuous G^-action and together with the following data 

(1) m positive integers c±, . . . , c m , 

(2) m analytic functions F±, . . . , F m € 0(X) X , 

(3) a Zariski dense subset Z of X, 

which satisfy the requirement that for any z € Z, V z is crystalline with nonpositive Hodge- Tate 
weights, and D+ ys (V z ) has an exhaustive increasing filtration (J r i j2 )o<j<m+i of Kq ®q p /c(z)-direct 
summands satisfying the following conditions: 

(4) for each < i < m, the free Kq <S>q fe(z)-module Fi )Z has rank c\ + • • • + q; 

(5) F hZ /F^ z = (D+ ys (V z )/F t ^ z y f = F ^; 

(6) there exists b £ N, which is independent of z, such that all the Hodge- Tate weights of F„ hZ 
belong to [—b, 0}. 

The above definition of finite slope families of p-adic representations generalizes the original one 
of Skinner-Urban. Note that we do not require the unboundedness of the variation of Hodge- Tate 
weights pll §4.2 (b2)]. 

Let c = ci-\ + c m , and let Q(ip) = - F{) ■ ■ ■ (iff - F m ). 

Theorem 0.2. Let Vx be a finite slope family over X . Then there exists a proper birational 
morphism X' — > X so that (K<S>k Dcj. ys (Vx>))®^ =0 has a rank c locally free coherent Kq®q p Ox'- 
submodule which specializes to a rank c free Kq <g>Q p k{x)-submodule in E>J ig (T4) for any x £ X' . As 
a consequence, D^^iVx)^^^^ has a free Kq ®q p k(x)-submodule of rank c for any x € X . 

Another interesting application of our result touches upon the recent work of Michael Harris, 
Kai-Wen Lan, Richard Taylor and Jack Thorne on the construction of p-adic Galois representations 
for (non-self dual) regular algebraic cuspidal automorphic representations of GL(n) over CM fields; 
it turns out that these p-adic Galois representations arise from certain finite slope families over a 
1-dimensional base. We believe that one can use our results to show the crystalline properties of 
these Galois representations as predicted by the philosophy of Langlands correspondence. In fact, 
we recently learned from Richard Taylor that this is the theme of an ongoing project of Ila Varma. 

Acknowledgements 
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1 Families of (ip, r)-modules 

Definition 1.1. Let A be a Banach algebra over Q p . For s > 0, a ip-module over Bj- g x<S>q p ^1 is a 
finite projective Bj- g x (g>(Q p ^4-module D A equipped with an isomorphism 

<p*D A <* D% ®vU K§QpA Bt^ Q A. 

A ip-module Da over B^ ig ^(8)Q p ^4 is the base change to Bj ig k ®q p A of a (^-module D S A over 
Bj-g^(g)Q p A for some s > 0. A (<p,T)-module over BV K (g>Q p >l is a c/?-module over bV^^q^ 
equipped with a commuting semilinear continuous action of T. A (</?, T)-module Da over Bj ig ^^q^^I 
is the base change to B^ ig k ®q v A of a (</?, r)-module D S A over Bj- g ^<£>q p A for some s > 0. 

Notation 1.2. For a morphism A — > B of Banach algebras over Q p , we denote by D S B (resp. Db) 
the base change of D S A (resp. Da) to Bj ig K ®^ V B (resp. Bj ig K ®Q p B). In the case when A = 5 is 
an affmoid algebra over Q p and x € M(5), we denote D s k ^ (resp. D k ^) by (resp. -D x ) instead. 

Let S be an affmoid algebra over Q p . Recall that for sufficiently large s, a vector bundle over 
BV K®Qp ,C * consists of one finite flat module D^ 1 ' 52 ^ over each ring B^ 1,S2 '(g)Q p 5 with s < si < s 2 , 
together with isomorphisms 

for all s < Si < s\ < si < s' 2 satisfying the cocycle conditions. A ^-bundle over bV k ®q p S is a 

vector bundle (D^ 1 ' S2 ^) s < Sl < S2 over Bj ig ^(g)Q p 5 equipped with isomorphisms ip*Dg' S2 ^ = D^ sl ' pS2 ^ 
for all s/p < s\ < S2 satisfying the obvious compatibility conditions. When s is sufficiently large, 
by Proposition 2.2.7], the natural functor from the category of (/^-modules over Bj| g k ®q v S 

t s ^' 

to the category of c/9-bundles over BJ.- g k ®q p S is an equivalence of categories. Note that by its 
definition, one can glue (^-bundles over separated rigid analytic spaces. Therefore this equivalence 
of categories enables us to introduce the following definition. 

Definition 1.3. Let X be a separated rigid analytic space over Q p . A family of (ip, r)-modules Dx 
over A is a compatible family of (tp, r)-modules Ds over Bj ig ^<g)Q p S' for each affmoid subdomain 
M(S) of .V. 

The following theorem follows from [3], [6] and [8]. 

Theorem 1.4. Let A be a Banach algebra over Q p , and let Va be a finite locally free A-linear rep- 
resentation of Gk- Then there is a (tp,T)- module Dj ig (VA) over B^ ig k ®q p A functorially associated 
to Va- The rule Va > D^ ig (V^) is fully faithful and exact, and it commutes with base change in A. 

Let A be a Banach algebra over Kq. Recall that one has a canonical decomposition 

a ® Qp k = n A ° 

aeGal(X /Q p ) 
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where each A a is the base change of A by the automorphism a. Furthermore, the Gal(/£o/Q p )- 
action permutes all ^4 CT 's in the way that r(A a ) = A TU . For any a € A x , we equip A <g)<Q p Kq with 
a ip (8> 1-semilinear action ip by setting 

<p({xx,x v , . . .,x v f-i)) = (ax v f-i,x 1} . . .,x v f-2) 

where x a £ A a for each a G Gal(i^o/Q p ); we denote this (^-module by D a . It is clear that the 
^-action on D a satisfies <pf = 1 <8) a. 
We fix a uniformizer ttk of K. 

Definition 1.5. For any continuous character 5 : K x — > A x , we associate it a rank 1 (ip,T)- 
module (R> ligtK ®Q p A)(5) over &i ig . K ®Q p A as follows. If S\ x = 1, we set (Bj ig = 

(Bjjg^&iQpA) (^AigiQpi^o Ds(n K ) where we equip D^ K ) with the trivial T-action. For general 5, we 
write 5 = 5' 5" such that 5'(itk) = 1 and 5"\ x = id. We view 5' as an ^4- valued character of Wk, 
and extend it to a character of continuously. We then set 

(B; igjK § Qp A)(«5) = Dj ig (<f) ® B t igx g Qpj4 (B; igjK gQ p A)(«5"). 

For a (c^,r)-module over Bj ig ^® Qp A, we put D A {8) = D A ® B t k §q^1 ( B li g , K ®® P A )( S )- 

Let X be a separated rigid analytic space over Q„. For a continuous character 5 : — > 0{X) X 
and a family of (ip, r)-module Dx over X, we define the families of (ip, r)-modules (B^ x®Q p Cx)(^) 
and Dx{5) by gluing (B^ g k®q p S)(5) and Ds(5) for all affinoid subdomains M(5) respectively. 

2 Cohomology of families of (cp, r)-modules 

Let Ax be the p-torsion subgroup of T. Choose £ whose image in T/Ax is a topological 
generator. 

Definition 2.1. Let S be an affnioid algebra over Q p . For a (cp, r)-module D$ over Bj ig k ®iq p S, 
we define the Herr complex C' ,y K (Ds) of D$ concentrated in degree [0,2] as follows: 

c;, yK (D s ) = [Dj« A d£* e D%* A Df K ] 

with = ((7x — l)x, — l)x) and d2(x,y) = (cp — l)x — (^k — One shows that this 

complex is independent of the choice of up to canonical quasi-isomorphism. Its cohomology 
group is denoted by H'(Ds)- 

By the main result of [TJ, one knows that H l (Ds) is a finite S'-module and commutes with flat 
base change in S. This enables a cohomology theory for families of (tp, r)-modules over general 
rigid analytic spaces. 

Definition 2.2. Let X be a separated rigid analytic space over Q p , and let Dx be a family of 
((/?, r)-modules over X. For each < i < 2, we define H'(Dx) to be the cohomology of the complex 

with di(x) = ((7k — l)ic, ((/? — l)x) and cfe^, y) = (f — 1)^ — (7k — For each < i < 2, H l (Dx) 
is therefore the coherent Ox-module obtained by gluing H l (D$) for all affinoid subdomains M(S) 
of X. 



4 



As a consequence of finiteness of the cohomology of families of (92, r)-modules, by a standard 
argument we see that locally on X, the complex CZ^ (Dx) is quasi isomorphic to a complex of 
locally free coherent sheaves concentrated in degree [0, 2] . This would enable us to flatten the 
cohomology of families of (<p, r)-modules by blowing up the base X. The following lemma is a 
rearrangement of some arguments in [71 §6]. 

Lemma 2.3. Let X be a reduced, separated and irreducible rigid analytic space over K, and let 
Dx be a family of (<p, T)-modules of rank d over X. Then the following are true. 

(1) The exists a proper birational morphism tt : X' — > X of reduced rigid analytic spaces over K 
so that H°(Dx') is flat and H l (Dx') has Tor- dimensions < 1 for each i = 1, 2. 

(2) Suppose that D' x is a family of ((p,T) -modules over X of rank d' , and that A : D' x — > Dx be 
a morphism between them so that for any x G X , the image of X x is a (ip,T)-submodule of 
rank d of D x . Then there exists a proper birational morphism tt : X' — >■ X of reduced rigid 
analytic spaces over K so that the cokernel of n*\ has Tor-dimension < 1. 

Proof. The upshot is that for a bounded complex (C',d*) of locally free coherent sheaves on X, 
there exists a blow up tt : X' —■ X, which depends only on the quasi-isomorphism class of (C*, d'), 
so that n*d l has flat image for each i. Furthermore, the construction of X' commutes with dominant 
base change in X (see [7J Corollary 6.2.5] for more details). Thus for (1), we can construct X' locally 
and then glue. For (2), let Qx denote the cokernel of A. For any x £ X, since the image of X x 
is a (ip, r)-submodule of rank d, by [8j Lemma 5.3.1], we get that Q x is killed by a power of t. 
Now let M(S) be an afhnoid subdomain of X, and suppose that D$ and D$ are defined for some 

suitable s > 0. For r > s, set Q^' r] = D [ °' r] / \{Df' r] ). Since for any x € M(5), the fiber of Q [ g' r] 
at x is killed by a power of t, we get that Qg' r ' is killed by t k for some k > 0. This yields that 
Qjg' 7 *' is a finite 5-module. Now we apply [7, Corollary 6.2.5(1)] to a finite presentation of Q^' ps ^ 
to get a blow up Y of M(S) so that the pullback of Q^' ps ^ has Tor-dimension < 1. Using the fact 

we see that Y is also the blow up obtained by applying [7, Corollary 
6.2.5(1)] to a finite presentation of Q$ for any positive integer n. It therefore follows that for 

any r > s, the pullback of Q^' r ' has Tor-dimension < 1; hence the pullback of Qs has Tor-dimension 
< 1. Furthermore, the blow ups for all affinoid subdomains M(S) glue to form a blow up X' of X 
which satisfies the desired condition. □ 

Lemma 2.4. Let X be a reduced, separated and irreducible rigid analytic space over K . Let D' x 
and Dx be families of ((p,T) -modules over X of ranks d! and d respectively, and let A : D' x — > Dx 
be a morphism between them. Suppose that for any x G X, the image of \ x is a (ip,T)-submodule of 
rank d of D x . Then there exists a proper birational morphism tt : X' —¥ X of reduced rigid analytic 
spaces over K such that the kernel of ix*\ is a family of (cp,T) -modules of rank d' — d over X' , 
and there exists a Zariski open dense subset U C X' such that (ker(7r*A)) x = ker((-7r*A) :r ) for any 
x e U. 

Proof. Let Qx be the cokernel of A. By the previous Lemma, we may suppose that Qx has Tor- 
dimension < 1 after adapting X. Now let Px denote the kernel of A. For any x G X, the Tor 
spectral sequence computing the cohomology of the complex [Dx — > D' x ) ®q x k{x) gives rise to 
a short exact sequence 

— > P x — > \bx{\ x ) — > Tbn(Qx, k{x)) — > 0. 
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Since the image of X x is a (tp, r)-module of rank d, ker(A x ) is a (cp, r)-module of rank d' — d. Since 
Qx is killed by a power of t locally on X, we get that the last term of the exact sequence is killed 
by a power of t. This yields that P x is a (ip, r)-module of rank d' — d. We therefore conclude 
that Px is a family of (<p, r)-modules of rank d' — d over X by Corollary 2.1.9]. Furthermore, 
since Qx has Tor-dimension < 1, by [TJ Lemma 6.2.7], we get that the set of i G I for which 
r ToY\{Qx,k{x)) forms a nonwhere dense Zariski closed subset of X; this yields the rest of the 
lemma. □ 

The following proposition modifies part of [71 Theorem 6.2.9]. 

Proposition 2.5. Let X be a reduced, separated and irreducible rigid analytic space over K . Let 
Dx be a family of (<p,T) -modules of rank d over X, and let 5 : K x — > 0(X) X be a continuous 
character. Suppose that there exist a Zariski dense subset Z of closed points of X and a positive 
integer c < d such that for every z G Z , H°(D^ (5 Z )) is a c-dimensional k{z)-vector space. Then 
there exists a proper birational morphism tt : X' — > X of reduced rigid analytic spaces over K and 
a morphism A : Dx 1 — > Mx> = (Bj ig k®q p Ox')(8) ®o x i L of (<p,T) -modules, where L is a locally 
free coherent Ox 1 -module of rank c equipped with trivial <p,T '-actions, such that 

(1) for any x G X' , the image of X x is a (ip,T)-submodule of rank c; 

(2) the kernel of X is a family of (<p, T)-modules of rank d — c over X' , and there exists a Zariski 
open dense subset U C X' such that (ker X) x = ker(A x ) for any x G U. 

Proof. Using Lemma 12. 3[ we first choose a proper birational morphism ir : X' — > X with X' 
reduced such that Nx 1 = ir*(D x (5)) satisfies the conditions that H°(Nx') is flat and H l (Nx°) 
has Tor-dimension < 1 for each i = 1,2. Then for any x € X', the base change spectral sequence 
E % 2 = Tot {N x 1 ) , k{x)) H %+ i{N x ) gives a short exact sequence 

H°(N X >) ®o x , Kx) — > H°(N X ) — ► ToniH^Nx'),^)) — > 

As H 1 (Nx>) has Tor-dimension < 1, by [7, Lemma 6.2.7], the set of x G X' for which the last 
term of the above exact sequence does not vanish forms a nowhere dense Zariski closed subset V . 
For any z G ir~ 1 (Z)/V, we deduce from the above exact sequence that H°(Nx>) ®o x , k{z) is a 
c-dimensional /c(z)-vector space. Since H (Nx') is flat and n (Z)/V is a Zariski dense subset of 
X' , we get that H°{Nx') is locally free of constant rank c. Let L be its dual; then the natural 
ma P ( B ti s ,K^>Qp°X')H (Nx') -> N x > gives a map A : D x > -> M x > = (B r f ig tK ®Q p O x >)(6) ®o x , L. 
For any x G X', since the map H°(N X ') ®>o x , k{x) — > H°(N X ) is injective, we get that the image 
of X x is a rank c (if, r)-submodule of M x . We thus conclude the proposition using the previous 
lemma. □ 

3 Families of Hodge- Tate (if, r)-modules 

From now on, let S be a reduced affinoid algebra over K. 

Definition 3.1. Let D$ be a (ip, r)-module of rank d over Bj ig K ®Q p S. For any positive integer 
n, if D r s n is defined, we set 
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We call D$ Hodge-Tate with Hodge-Tate weights in [a,b] if there exists a positive integer n such 
that the natural map 

(®a<i< b V% en (D s (-i))) r ® K ® QpS (K n ® Qp S^t- 1 } — ► (B ie ^ en (D s (-i)) (3.1.1) 

is an isomorphism. We denote by hnT(Ds) the smallest n which satisfies this condition, and we 
define D HT (D S ) = (© a <i< ft D^ n T(Ds) (D s (-i))) r . 

Lemma 3.2. Let D$ be a Hodge-Tate (y, T) -module over E$J ig k^Qp^ w ^ weights in [a, b\. Then 

for any n > huriDs), iS.l.l)) is an isomorphism and Dg en (Z?s(— z)) r = Bg"^^ Ds \Ds(—i)) r for 
any i £ [a, 6]. As a consequence, we have ((B a <i<bDs cn (Ds{—i))) r = Z?ht(As)- 

Proof. Tensoring with K n <&q S[t, 1/t] on both sides of the map 

(0 a < i < b D^ (Ds) ( J D s (-i))) r ® K0QpS (K hHT{Ds) ® Qp S^t" 1 ] — ► ® i& B h s ^ Ds \D s (-i)) 
We get that the natural map 

(®a< 4 < b D^ n r(Ds) ( J D s (-i))) r ® K9QpS (K n ® Qp S^r 1 ] — ► 0, eZ Dg cn ( J D s (-z)) 
is an isomorphism. Taking T-invariants on both sides, we get 

(®a<,.< fe D^ (1)s) ( J D s (-z))) r = (0 a <,< 6 Dg en ( J D5H))) r 
This yields the lemma. □ 

Remark 3.3. If D$ is Hodge-Tate with weights in [a,b], taking T-invariants on both sides of 
(|3.1.ip . we see that Dg en (L> 5 (-i)) r = for any n > h HT {D s ) and i $ [a,b]. 

Lemma 3.4. If Dg is a Hodge-Tate (tp,T)-module over B^ ig K ®Q p S with weights in [a,b], then 
for any morphism S — > R of affinoid algebras over K , D R is Hodge-Tate with weights in [a, b] and 
hHT{Dn) < huT(Ds)- Furthermore, the natural map D^ en (Ds(i)) r <S>s R — > Dg eQ (D R (i)) r is an 
isomorphism for any i G Z and n > hnriDs)- As a consequence, the natural map Dylt(Ds)®sR ~^ 
-Dht(-Dr) is an isomorphism. 

Proof. Let n > hnT(Ds)- Tensoring with R over S on both sides of (|3.1.ip . we get that the natural 
map 

(e a <i< b Dg cn (L>5H)) r ®s R) ®k® Qp r {K n ®q p — ► ® ieZ n% en (D R (-i)). 

is an isomorphism. Comparing T-invariants on both sides, we get that the natural map 

Dscn PsH)) r ®s R -> B% en (D R (-i)) V 
is an isomorphism for any a < i <b. This implies that the natural map 

(ea< i <6Dg cn pi?(-i)) r ®k® Qp r {K n ® Qp R^r 1 } — ► ® ieZ D% en (D R (-i)). 
is an isomorphism. This proves the lemma. □ 
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Corollary 3.5. If Ds is a Hodge-Tate (<£>, T) -module of rank d over Bj ig k <S>q p S, then Dht(Ds) 
is a locally free coherent K ®Q p S-module of rank d. 

Proof. By the previous lemma, it suffices to treat the case that S is a finite extension of K; this is 
clear from the isomorphism (|3.1.ip . □ 

Definition 3.6. Let X be a reduced and separated rigid analytic space over K, and let Dx be 
a family of (</?, r)-modules of rank d over X. We call Dx Hodge-Tate with weights in [a, b] if for 
some (hence any) admissible cover {M(5j)}j e / of X, Ds { is Hodge-Tate with weights in [a, b] for 
any i 6 /. We define Dht(Dx) to be the gluing of all -Dht^-DsJ's. 

Lemma 3.7. Let Ds be a (tp,T) -module over Bj ig k®q p S. Then t3.1.1\) is an isomorphism if and 
only if the natural map 

e a <,< 6 D% en (D s ) r "=x* — > Dg cn Ps) (3.7.1) 
is an isomorphism. Furthermore, if this is the case, then \3.1.1\) holds for n. 

Proof. For the "=>■" part, since (|3.1,ip is an isomorphism, we deduce that 

Dsen(A?) = ®a<i<bt i • D% en (D s (-i)) r ® mQpS (K n ® Qp S) . (3.7.2) 

Note that t* ■ D% ea (D s (-i)) T C Dg cn (L> 5 ) r ™=^. Hence (|3772l) implies that (IT7T]l is surjective. On 
the other hand, it is clear that (|3.1.ip is injective; hence it is an isomorphism. Conversely, suppose 
that (I3.7.ip is an isomorphism. Note that 

DgenPs)^^ = t* ■ B^ Q (D S (-i)) T - = (f ■ D% en (D S (-i)) r ) ®K® Qp S (K n ®Q p S), 

where the latter equality follows from [4, Proposition 2.2.1]. This implies that Ds satisfies (I3.7.2p . 
yielding that Ds satisfies (|3.1.ip . □ 

Proposition 3.8. Let Ds be a (ip,T) -module over Bj. g K ®S. Suppose that there exists a Zariski 
dense subset Z C M(S) such that D z is Hodge-Tate with weights in [a,b] for any z £ Z and 
sup z( z Z {hHT(D z )} < oo. Then Ds is Hodge-Tate with weights in [a,b]. 

Proof. Let n > sup z£Z {hHT(D z )} such that Dg is defined, and let 7 be a topological generator of 
r n . For any a < i < b, let pi denote the operator Ua<j<b,j^i x %) -x%) ' and let Mi = Pi ^ D Sen( D s))- 
It is clear that pi is the identity on Dg en (_Ds) r,l=xl ; hence B^ en (Ds) Tn=xl C M{. On the other hand, 
for any z € Z, since D z is Hodge-Tate with weights in [a, b] and }iht{D z ) < n, we deduce from 
Lemma O that pi(D% en (D z )) = D^ cn (D z f"=^ . This implies that M t maps onto D% en (D z f"=x l 
under the specialization Dg en (-D,g) — > Dg en (I? z ). Since Z is Zariski dense, we conclude M» C 
Dg en (L>) r "=^; hence Mi = D% en (D) Tn=x \ Let M = ® a <i<bMi. We claim that the natural inclusion 
M C Dg en (D s ) is an isomorphism. In fact, for any z G Z, since B^ en (D z ) = ® a <i<b^>sen( D z) rn=x \ 
we have that M maps onto D^ en (D z ). Thus Dg en (.D^/M vanishes at z. We therefore conclude 
Dg (Ds)/M = because Z is Zariski dense. By Lemma 13.71 and the claim, we conclude that Ds 
is Hodge-Tate with weights in [a, b\. □ 
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4 Families of deRham (ip, r)-modules 

Definition 4.1. Let Dg be a (ip, r)-module of rank d over Bj ig k ®q p S. For any positive integer 
n, if D r s n is denned, we set 

D+f (D S ) = D r s - ® B t: g -§ Ql ,s ^ 5 ) [[*]]> D 2if(^) = D+£(D s )[l/t]. 

We equip D" f (D s ) with the filtration FiPDJjjf (D s ) = t l D+f (D s ). We call D 5 deRham with weights 
in [a, b] if there exists a positive integer n such that 

(1) the natural map 

D2if(£s) r 8*®^ (#„ ®q p S)[[t]][l/t] — ► DjfCDs) (4.1.1) 

is an isomorphism; 

(2) Fir fe (D3 if (D s ) r ) = L> s and Fir a+1 (D2 if (D s ) r ) = where FiP(D£ if (£> s ) r ) is the induced 
filtration on D^ if (.Ds) r . 

We denote by h<m(Ds) the smallest n which satisfies these conditions, and we define D dR (Ds) = 

Lemma 4.2. Let D be a deRham (tp,Y) -module over Bj ig K ®Q p S. Then for any n > h^^Ds), 
B n dii (D s ) T = D dR (D s ) 

Proof. We tensor K n+ \ ®q p S[[t]][l/t] on both sides of the map 

D kMD s){Ds) r 9k9 ^ s {KhdR{Ds) 0Qp S )[[t)][l/t] — ► D^ Db \d 8 ), 

yielding that the map 

Djf iDs \D s f ® K ® QpS (K n ® Qp S)[[t]][l/t] — ► D^ps). 

is an isomorphism. Comparing T-invariants on both sides, we get the desired result. □ 

Lemma 4.3. If D is a deRham (p,T)-module of rank d over bJ; ^(g>Q p< S with weights in [a,b], 
then D is Hodge-Tate with weights in [a,b] and 1iht(Ds) < hdR,(Ds)- Furthermore, we have 
GtW^Ds) = Dg en (D s (i)) r under the identification G^D^Ds) = D% cn (D s (i)) for any n > 
h dR {D s ). 

Proof. Let n > hdR(Ds). Since (|4.1.ip is an isomorphism, we deduce that the natural map of 
graded modules 

e ie z Gr^dRps) 0x® Op 5 {K n 0q p 5)[t, t" 1 ] — > ®x&P%JPs{%)) (4.3.1) 

is surjective. On the other hand, since t ■ Gr~ l D$r(Ds) C Dg en (Dg), we have that the natural 
map 

(B a <i<bf ■ Gv-W dR (D s ) -+ D% en (D s ) 

is injective. This implies that (|4.3.ip is injective; hence it is an isomorphism. Comparing the 
T-invariants on both sides, we get Gx l D dR (Ds) = Dg en (-Ds(i)) r for each i 6 Z. This proves the 
lemma. □ 
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Lemma 4.4. If Dg is a deRham (y?, T) -module over B^ ig k ®q p S, then for any morphism S — > 
R of affinoid algebras over K, Dr is deRham with weights in [a,b] and h<m{Dii) < hdR,(Ds). 
Furthermore, the natural maps Fil* D dR (Ds) <8>s R — > FiYD^^Dr) are isomorphisms for all i £ Z. 

Proof. Let n > hdFi(Ds). Tensoring with (K n <g>Q p R)[[t]][l/t] on both sides of (|4.1.ip . we get that 
the natural map 

(D n dii (D s f ® 5 12) ® K ® QpR (K n ® Qp R)[[t]][l/t] — > BUDr). (4.4.1) 

is an isomorphism. Comparing T-invariants on both sides of (I4.4.ip . we get that the natural map 
T) dii (Ds) T ®S R ~~ Ddif(Dn) r is an isomorphism; hence Dr is deRham. Then by Lemmas 13.41 and 
14.31 we deduce that the natural map G? l (D dR (Ds)) ®s R Gr l (D dR (DR)) is an isomorphism. 
This implies the rest of the lemma. □ 

Corollary 4.5. If D$ is a deRham (<p,T) -module of rank d over Bj ig k®q p S, then D dR (Ds) is a 
locally free coherent K ®q p S-module of rank d. 

Proof. We first note that for each i G Z, Gr l (D dR (Ds)), which is isomorphic to Dg cn (D,s(i)) r by 
Lemma l4~3| is a coherent K ®q S-module. We then deduce that D dR (Ds) is a coherent K <2>q S- 
module. Using Lemma 14.41 it then suffices to treat the case that S is a finite extension of K; this 
follows easily from the isomorphism (I4.1.1j) . □ 

Definition 4.6. Let X be a reduced and separated rigid analytic space over K, and let Dx be a 
family of (cp, r)-modules of rank d over X. We call Dx deRham if for some (hence any) admissible 
cover {M(Si)}i£i of X, Z?s i is deRham with weights in [a,b] for any i e J. We define D dR (Dx) to 
be the gluing of all Z^rXAsJ's. 

Lemma 4.7. If Ds is a deRham ((p,T)-module over B^ ig K <%><Q p S of rank d with weights in [a,b], 
then t- a D+;?(D s ) C D dR (D s ) ® K ® Qp S (K n ® Qp S)[[t}\ C r 6 D+f (D s ) for any n > h dR (D s ). 

Proof. Since Gr- 6 D dR (L> 5 ) = D dR (D s ), we get D dR (D s ) C i^D+f (D s ); hence D dR (D s ) ® K ® Qp s 
(K n ®q p S)[[t\] C t _6 D^f By the proof of Lemma EH we know that the natural map (jOTTj) 

is an isomorphism of graded modules. By the facts that Gr l D dR (Ds) = for i > —a + 1 and 
FiPD^ if (Ds) is t-adically complete, we thus deduce that t~ a B d ^(Ds) C D dR (D s ) <S>k® q s (K n ®Q P 
S)[[t}}. " □ 

it 



Lemma 4.8. Let Ds be a Hodge-Tate (ip,T)-module over Bj ig k ®q p S with weights in [a,b]. Then 

\+,n 
; dif 



for any k > b — a + 1, i G [a, b], n > hnriDs) and 7 S T n , the map 7 — x % {l) '■ t k F> d -^(Ds) 



t*D^ n (-Ds) is bijective. 
Proof. Since D^^-Ds) is t-adically complete, it suffices to show that 

7 - 1 : iXit^s)A fc+1 D+f ps) i fe D+f (l^/i^D+f (D s ) 

is bijective for any k > 6-a+l. Note that t*Djf (Ds)/t fc+1 D+f (Dg) is isomorphic to Dg cn (L> 5 (/c)) 
as a T-module. Note that Dg cn (L> 5 (fc)) = ®a<j<b(P^ en (Ds)) Tn=x3+k by LemmaEl Since j + k > 
b + 1 for all j € [a, 6], we deduce that 7 — is bijective on Dg cn (Z>s(A;)). □ 
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Lemma 4.9. Let D$ be a Hodge-Tate (ip,T) -module over B^ ig K ®Q p S with weights in [a,b]. Then 
Ds is deRham if and only if there exists a positive integer n > hnr(Ds) such that II^~ a (7 — 
x(7) i )D+f (D s ) C t 6 - a+1 D+f (D s ). Furthermore, if this is the case, then (JT1\ ) holds fo 



for n. 



Proof. Suppose that D$ is deRham. Let n > hdR(Ds), and put 

N = D dR (D S ) ®K® Qp S (K n ®Q P S)[[t)}. 

Since D has weights in [a, b], by Lemma[47l we have t~ a D^(D s ) C N C i~ 6 D^f (D s ) . On the 
other hand, by the construction of N, it is clear that (7 — 1)N C tN. It therefore follows that 

n^7( 7 - xW)^(D s ) c n^( 7 - x ( 7 y)(t a N) c t^-^iv c i^D+f (£> s ). 

Now suppose n^ a ( 7 - xfr^D^Ds) C ^- a+1 D+f (D s ) for some n > h HT {D s ). We claim 
that for any j G [a, b] and a G (Dg en (-D,s)) r " =x \ we can lift a to an element in (D+' f n (L> s )) r " = ^ . 
In fact, let a be any lift of a in D+f (D s ), and let 6 = Ua<i<2b-aMj x ?W-iAr) 5 where 7 is a 
topological generator of T n ; it is clear that b is also a lift of a. Furthermore, by assumption, we have 
(7 - X j {j))(b) e n^; a ( 7 - x(7) i ) D dif"(^) C t b - a+1 D^ n (D s ). By the previous lemma, we choose 
some c G t 6_a+1 D^ n (.D,s) satisfying (7 — x^(l))(b) = (7 ~~ X"'(7))(c)- It is then clear that b — c is a 
desired lift of a. Since Dg en (D 5 ) = e a < i < fe (Dg en ( J D 5 )) r " = ^, we have that (D% en (D s )) Vn=xi is locally 
free for each i 6 [a, 6]. By shrinking M(S'), we may further suppose that each (Dg en (Z?5')) rn=xl is 
free. We then deduce from the claim that there exists a free K n <g)Q S-module M C (D^ if (-Ds)) r ™ 
such that the natural map 

M ®K n ^ p s (K n ® Qp S)[[t]][l/t] — ► D3 if (D s ) 
is an isomorphism. It follows that the natural map 

M r ® K ® Qp s (K n ®Q p S)[[t]][l/t] — > Djifps) 

is an isomorphism because M = M r ®k®q p s (K n ®Q P S) by [U Proposition 2.2.1]. Taking T- 
invariants on both sides, we get M T = (D^(Ds)) r . This implies that D s is deRham. □ 

Proposition 4.10. Let Ds be a (ip,T) -module over B^. k <&S. Suppose that there exists a Zariski 
dense subset Z C M(S) such that D z is deRham with weights in [a, b] for any z G Z and 
sup zGZ {hiiR(D z )} < 00. Then Ds is deRham with weights in [a,b]. 

Proof. By Proposition 13. 8( we first have that Ds is Hodge-Tate with weights in [a, b}. Let n > 
max{/iHT(-D,s), su.p zeZ {hdii(D z )}}. By Lemma l4T9l we have 

B^ a (7 - x(7) i )D+f (D z ) C t b ~ a+1 D^"(D z ) 

for any z G Z. This implies n^ a ( 7 - xdY^tiP^s) C t b ~ a+1 'D^ (D s ) because Z is Zariski 
dense. Hence Ds is deRham by Lemma 14.91 again. □ 
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5 P-adic local monodromy for families of deRham (cp, r)-modules 

The main goal of this section is to prove the p-adic local monodromy for families of deRham ((/?, T)- 
modules. The proof is similar to Berger-Colmez's proof of the p-adic local monodromy for families 
of deRham representations [U §6]. Indeed, with the results we have proved in §2 and §3, the proof 
from [loc.cit.] go over verbatim. We therefore often sketch our proof and refer the reader to [loc.cit.] 
for more details. 

We fix E to be a finite extension of the products of the complete residue fields of the Shilov 
boundary of M(S). 

Proposition 5.1. Let D$ be a deRham (ip ,T) -module of rank d over B^ ig K ®Q p S with weights in 
[a,b]. For any s > such that n(s) > hdn{Ds), let 

N S {D E ) = {y £ t- b D% such that i n (y) € D dR {D s ) ®K® Qp s {K n ®Q P E)[[t]] for each n > n{s)}. 

Then the following are true. 

(1) The EjJ-g K (g>Q p E -module N s (De) is free of rank d and stable under T. 

(2) We have N S (D E ) ® B t> ^ E>Ln ( K n ®Q P #)[[*]] = D dR (D s ) ®K® Qp S {K n ®q p E)[[t]} for each 
n > n{s). 

Furthermore, if we put N dR {D E ) = N S (D E ) (8> B t,« s F bJ ; k®Q p E? then the following are true. 

rig, JC^Vp 

(3) The B^g K ®Q p E -module N dR {D E ) is free of rank d, stable under T, and independent of the 
choice of s. 

(4) We have if*{N dR {D E )) = N dR (D E ) and V{N dR (D E )) C t ■ N dR (D E ). 

Proof. Since the localization map t n is continuous, we first have that N S (D E ) is a closed BV K ®Q p E- 

submodule of t~ b D s E . It follows that N S (D E ) is a finite locally free B^ K ®Q p E- module because 

bV K ®Q p E is isomorphic to a finite product of Robba rings. On the other hand, by Lemma l4"7Tt 

we get that t~ a D s E is contained in N S (D E ). We thus conclude that N S (D E ) is a free bJ-* K ®Q p E- 
module of rank d. To show (2), we proceed as in the proof of [4, Proposition 6.1.1]. For any 
y G D dR (D s ) ®K® Qp S {K n ®Q P E)[[t\] and w > max{0,6 - a}, since 

D dR {D s ) ®k® Qp s {K n ® Qp E)[[t]\ c r 6 D+f (D E ) 

by Lemma[47l we may pick some y G t~ b D s E such that L n (y ) - ye t w D dR (D s ) ®k® Qp s {K n ®Q P 
E)[[t}}. Let t njW be the function defined in [31 Lemme 1.2.1]. It follows that 

i m {t n , w yo) e t w - b D^ { n {D E ) = t w - b+a (r a D+£(D E )) c D dR {D s ) ® K ® Qp s {K m ® Qp E)[[t]) 

for m > n and 

On(tn,wyo) ~ye t w D dR {D S ) ®K® Qp S {K n ®Q P E)[[t]}. 

This implies that the natural map N S (D E ) — > D dR {D$) <8>_fC(g)Q p 5 {K n ®q p E)[[t]]/{t w ) is surjective; 
this proves (2). We get (3) immediately from (2). The first half of (4) follows from the fact that 
in+i o (f = i n - Note that L n {V{N s {D E ))) = V{L n {N s {D E ))) C tD dR (D s ) ® K ® Qp S {K n ®Q P E)[[t]] 
for any n > n{s); this proves the second half of (4). □ 
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Proposition 5.2. Keep notations as in Proposition \ 5.1\ Then there exists a finite extension L 
over K such that 

M = (N dR (D E ) 8,^8** B U,l^ p E) Il 
is a free L' (8>q p E-module of rank d and the natural map 

M ®l^ Qp e K g ,L®Q P E — ► N AK {D E ) ®^ K ^ pE B Lg,L®Q P E 
is an isomorphism. 

Proof. Let /' = \K' Q : Q p ]. Note that there is a canonical decomposition B^ ig K (£>Q p E = YliJo 1 T^ E 
where each TZ^) is isomorphic to 1Z E and stable under Tk, and satisfies (p{TZ^) C 1Z E +1 ^ (1Zg ^ = 
TlP). Let N^(D E ) = N dR (D E ) ® t a B ^| } . It follows that each iV^CDe) is stable under 

d = V /t and <^ ; hence it is a p-adic differential equation with a Frobenius structure. By the 
versions of the p-adic local monodromy theorem proved by Andre [1] or Mebkhout [9] , we conclude 
that each N^(D E ) is potentially unipotent. This yields the proposition using the argument of [H 
Proposition 6.2.2] and [U Corollaire 6.2.3]. □ 



Lemma 5.3. Keep notations as in Proposition ^. 2\ and let 

m = (n s (d e )® bXk ~ QpE b^ k 

for sufficiently large s. Then for any n > n(s), we have 



L ® Lo tn(M) = (B dii (D E ® B t g K ~ QpE Bl igtL ®Q p E))^ (5.3.1) 

Proof. By the previous proposition, the left hand side of (|5.3.ip is a free L <2>^ L' <&q p E-module 
of rank d. On the other hand, since ((L n <8)q E)[[t]][l/i]) /L = L ®l L' E, we deduce that the 
right hand side of (|5.3.ip . which obviously contains the left hand side, is an L® Eo i' <8>Q p .E-module 
generated by at most d-elements. This yields the desired identity. □ 



6 Proof of the main theorem 

Let Vx be a finite slope family over a reduced and separated rigid analytic space X over K. For 
any z € Z, since V z has nonpositive Hodge- Tate weights, we get D+ ys (V z ) = Dj ig (V^) r by Berger's 

dictionary. For each < i < m + 1, let Fil^ C T>l ig (V z ) be the saturation of the (<p, r)-submodule 
generated by F% z . For each 1 < i < m, we define the character 5i : K —¥ 0(X) X by setting 
6i(p) = Fr 1 and 6i(p%) = 1. Let D x = D r f ig (y x ) v • 

Lemma 6.1. Suppose that X is irreducible. Then for each < % < m, there exists a proper 
birational morphism tt : X' — > X and a sub-family of (ip,T) -modules d|! C Dx> over X' of rank 
d — c\ — ■ ■ ■ — Ci such that 

(1) for any x € X' , the natural map D% D x is injective; 

(2) there exists a Zariski open dense subset U of X' such that for any z £ Z' = ir~ l {Z) n U , the 
natural map D% D z is the dual of the projection ^>l ig (V n ^) — > ^>l ig (V n ^) /Fil^^^y 



13 



Proof. We proceed by induction on i. The initial case is trivial. Suppose that for some 1 < i < m, 
the lemma is true for i — 1. Note that Fi :Z /Fi-i,z maps into Dj ig (Vz)/Filj i2 for any z G Z. By 

Definition I0.1T 5) and Berger's dictionary, we get that (Z?i^) v (n*(5i)(z)) has fc(z)-dimension Cj for 
any z G Z'. Since Z' is Zariski dense in X' , by Proposition 12.51 after adapting X' and J7, we may 
find a sub-family of (tp, r)-modules D^i of D^, ^ with rank d — c\ — • • • — c% such that 

(1') Dx Dx ^ is injective for any x G X'; 

(2') for any z G 7r _1 (Z) n J7, Dx is the kernel of the dual of the map 

( B lig,K ®Qp k ( z )) ■ {?i,*(z) I -> D rig(Kr( Z ))/Fili,7r(z)- 

It is clear that (1') and (2') imply (1) and (2) respectively; this finishes the inductive step. □ 

To prove Theorem 10.21 we also need the following lemma. 

Lemma 6.2. Let V$ be a free S-linear representation of Gk of rank d. Then there exists a 
positive integer m(Vs) such that for any x G M(S) and a G D~|". f (14), if a is V -invariant, then 

aeD + r (^) (v y. 

Proof. This is a consequence of the Tate-Sen method. Using [4, Theoreme 4.2.9], we first choose 
a finite extension L over K and some positive integer m so that ^ T Q"l{Vs) is a free bV"^(8)q p S- 
module with a basis e = (ex, . . . , e^). Let 7 be a topological generator of r^ m and write 7(e) = eG 
for some G G GL d (B 1 t i 'g^i Qp 5). Recall that by the classical work of Tate pi], we know that there 
exists a constant c > such that u p ((7 — 1)x) < v p (x) + c for any nonzero x G (1 — i?L,m)Ax>> where 
i£r,,m : Loo — ► i m is Tate's normalized trace map. Since the localization map t m : B^'^ — > L m [[t}] 
is continuous, by enlarging m, we may suppose that the constant term of i m {G) — 1 has norm less 
than p~ c . We fix some tuq G N such that n L m = if mo n L m . 

Now let a G D+^ n (K) r for some x *E X and n > m. We will show that a G D^ m °(T4) r . 
Since t m (e) forms a basis of D^ 1 " 1 (!/§•), we may write a = i m (e)(x)A for some 

A G M dxl ((L n ® Qp k{x))[[t]}). 

The T-invariance of a implies L m (G(x)) r y(A) = A; thus (1 — RL >m )L m (G(x))j(A) = (1 — RL >m )A. 
Note that i m (G(x)) has entries in (L m ® Qp k(x))[[t]]. It follows that (G(x) - l)B = (1 - 7~ 1 ).B 
where B = (1 — Rl^A. Let Bo be the constant term of -B. If -Bo 7^ 0, then the constant term of 
(i m (G(x)) — 1)B has valuation > v(i m (G(x)) — 1) + v(Bq) > v{Bq) + c whereas the constant term 
(1 — 7 _1 )i?o of (1 — 7 -1 )-B has valuation < v(Bq) + c; this yields a contradiction. Hence Bq = 0. 
Iterating this argument, we get B = 0. Hence a G D+f m (T4) n D+^ n (T4) C D^" 10 ^). Thus 
we may choose m(Vs) = mo- □ 

Proof. We retain the notations as above. By passing to irreducible components, we may suppose 
that X is irreducible. We then apply Lemma [6. II to Vx- Note that Vx> is again a finite slope family 
over X' with the Zariski dense set of crystalline points 7r _1 (Z). We may suppose that X' = X. 
Let A : n\- lg {V x ) = D y x -> (-D£°) v be the dual of D ( ™ ] -¥ D x , and let P x = ker(A). For any 
x G X, since £>i"^ — > D x is injective, we get that the image of X x is a (ip, r)-submodule of rank 
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d — c\ — ■ ■ ■ — c m . Thus by Lemma 12.41 after adapting X, we may assume that Px is a family of 
(<p, r)-modules of rank c\ + • • • + c m , and there exists a Zariski open dense subset U C X such that 
P x = ker(A x ) for any x G U. Note that ker(A 2 ) = FiL, )2 for any z G Z. Thus by replacing Z with 
Z n 17, we may assume that P 2 = Fib. z for any z £ Z. We claim that Px is deRham with weights 
in [—6, 0]. To do so, we set Y to be the set ofiGX for which P x is deRham with weights in [a, b]. 
By the previous lemma, we see that for any affinoid subdomain M(S) C X, there exists an integer 
m(Ys) such that if P x is deRham for some x G M(S), then hdn(Px) < ra(Vs). We then deduce 
from Proposition 14.101 that Y n M(S) is a Zariski closed subset of M(S). Hence Y is a Zariski 
closed subset of X. On the other hand, since P z is deRham with weights in [—6, 0] by Definition 
10.1( 6). we get Z C Y; thus Y = X by the Zariski density of Z. Furthermore, using Proposition 
14.101 and the previous lemma again, we deduce that Px is deRham with weights in [—6,0]. As a 
consequence, we obtain a locally free coherent Ox <8>q p K- module D dR (Px) of rank c\ + ■ ■ ■ + c m . 

The next step is to show that for any x G X, D dR (P x ) is contained in D+ ys (V x ) ®k K. Let 
Y be the set of x G X satisfying this condition. We first show that Y is a Zariski closed subset 
of X. For this, it suffices to show that Y n M(S) is a Zariski closed subset of M(S) for any 
affinoid subdomain M(S) of X. To show this, we employ the p-adic local monodromy for families 
of deRham (<p, r)-modules. As in §5, let E be the product of the complete residue fields of the 
Shilov boundary of M(S). Since Ps is a family of deRham (</?, r)-modules with weights in [—6,0], 
by Lemma [5.31 there exists a finite extension L of K such that for sufficiently large s and n > n(s), 
we have 

L ® Lo UM) = (D dif (P E ® Bt g E B ti g ,L®Q P E)) lL 

rig.il CT 

for M = (N S (P E ) ® t . ~ k ®q p EYi; furthermore, A^(Pb) C P£. Thus 

rig,_K" 

tn (M) c tn (P B ^b^S^b B iog,x g Q,^) c ^(4^) QbU^e B^x^Q^) C B+S^Vk. 
Note that -D(Jr(Pe) C D+ f (P B ) C B^{V E ) C B+ R § Qp V B . This yields 

D dR (P E ) C (B+S^Vb) ®l L n B+ R ® Qp V E = (B+® Qp V E ) Lo L. 
We therefore deduce from [4j Lemme 6.3.1] that 

Am(Ps) C (B+g^Vk) ®L i n B+ R g Qp y s = (Bj§ Qp F s ) <g> Lo L. 

It follows that YnM(S), which is the set of x G M(S) such that -DdR.(Px) C (B+ ys ® Qp T^) <g)^ if, 
is Zariski closed in M(S). 

To conclude the theorem, it then suffices to show that D dR (P x ) C (L>+ ys (K) ®K K) Q(t/,)(x)=0 
for any x G X; here we if-linearly extend the (/^-action to -D+ ys (14) <g>if K. Note that Fil m , 2 is 
crystalline with D crys (Fil mj2 ) = F m>z . This implies that Q{(p){D dR {Px)) vanishes at z, yielding 
that Q(ip)(D dR (P x )) = by the Zariski density of Z. □ 
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